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qsuﬂy_yuﬁ FΘ f¯ Pφ = P ∩ Fφ [
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su D(θ1, θ2) ¸ufµ µm­»Ł3yŁ­¯@qu
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1ii , i = j




1ii , i = j
1
2 (1ij + 1ji) , i 6= j
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τ(g) : G/H → G/H ¹»­q  ﬁŁ aH 7→
























































































































m ×m  u  ﬀt    ­u))¸  
so(m)
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pTqu    °sŁ  s)u  ­yuﬁÈqs­­mqs­/­Z² k   su s   u  ³~µ & us)u3qsu»Ł² k   s)u»ssu    sÀ
¯´  t  Łs3¯
GL(m,R)
µmpTqsusyuZsus)u3f¯qsŁ3­u s   u  ³~ k uﬂ³¹f¯´­[
Úﬀ  ¸Pqu-sy  TÜ@u)²±ÀÏÛ/­²±  ssu))­ Ł%  yŁf ¯  u)uµºvsGyu))sÑ¸  sÃtG­t      ¸
S+
	u­É~Vttuﬁ  Łf¸qsu  uŁ    s  u  Łfyqs  *uﬁ³¹u)u,qsuu)È  su)  Ñt k 	PÈ  ¯  t
 ­ut  s  ,futGu)  ~¸qsuuﬁÈ  su  *t © u)È 
TUS
+ → S+ ,Ü@Łu      s-qut    ­È








m×m t    ±È  squﬂ  su)Z _ )u¯ S+ ­Łsu)­Âu¹»±q S(m,R) ¸
qu e u¯
m×m  u  Ñ~tGtu)  ­t    ­u))µ
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−1Ej1,j2) i1, i2, j1, j2 = 1, ...,m
ﬂjÒ #
GB ﬂ U %8ﬂ








































































































































a ∈ R µ pTqsu² k   suÄ¯q­-sŁ  ±_­ ŁÅqsu®s  uﬁŁs A  


















































































ÎÃu)È  ­Ł)­buﬁÈ s uyy­ ¯qsuu)Vsu)yŁ  ²u)
Σ(t), t ∈ [a, b] ⊂ R uﬁu  tŁsu) Z~ qsu
¯´­ŁJ¹»­~utWâÒ"ﬁ_¹  /su  ±²u,Û  ±²  s,xŁŁu  Ł  "ﬁLﬂ´¹»qsu  u»qsu s V¯*¯	qsu¯ËŁ­J¹»Łs%  
*u¯´ssZ#µ {





Î3u)È  yu),Ł  "ﬁ   ŁÆ %"ﬁL¸squuZu)yŁ © Łs¯  ft
Σ(a) ∈ S+ Ł,qsuﬂ  uﬁŁf
Σ˙(a) = Σ(a)1/2XΣ(a)1/2 ∈ S = TS+
¹  ­u) [
Σ(t) = Σ(a)1/2
u)È 
(tX)Σ(a)1/2 ∈ S+ ﬂj#
¹»q­q    Łyﬂ	u3fs  Łsu)Z~sy­ﬂqsu»   - ﬁŁf s u)²­sy­~Gu)sfu)Z~
τ(GL(m,R))

 u  qsu%)t    Łf®¯  ~u)Vsuy­%Łbqsu%  u)    yu
Σ(a) = Im
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  ¨ Ø.ﬀÔ ¨§10 Ô ¦ Ø* §+ Ô
(
ÔZØ Ù Ô ¦C0´«460´¦ﬁ§Jª 7 « Ô ¬
pTqsu?sŁ  s)u D  S+ uﬁÂsu  	J²u?uﬁÈqs­­-ytu?sŁ)u s   u  Łu)-q  -¹uSqsu  u  ¯Ëu 
ytGt k Ł¾)u([
Æfµ  y­±²­³~Z[ D(Σ1,Σ2) ≥ 0, D(Σ1,Σ2) = 0⇔ Σ1 = Σ2
Vµ|Z~Vttuﬁ  ~H[ D(Σ1,Σ2) = D(Σ2,Σ1)
ÒVµ»p    fŁuﬂŁsuJ  Ł­³~Z[ D(Σ1,Σ3) ≤ D(Σ1,Σ2) +D(Σ2,Σ3)
 sµ3w³Z² k   suﬂssu  )s  sus)uﬂ  y¯Ë  t  ­s [ D(Σ1,Σ2) = D(PΣ1PT , PΣ2PT )
∀P ∈ GL(m,R)
Vµ3w³Z² k   suﬂssu  ­Z²u  y­)[ D(Σ1,Σ2) = D(Σ−11 ,Σ−12 )
pTquŁu  uu)  u  su    ?ÂsSt  uuﬁ  ­Ł  	qsŁŁ?qsu%uqs­    u    Z~®Ú   su 
 s Ð Vfu) ­ÆÆﬁjµ
*,+ A 132
XEFZ13X2@/ﬃ9< 13?/BADCE7GFH/ 9< . XENO134 87G2


































































































































































































































































































































































































Àj)su)ﬁŁ7	Ł­»sJ¹»,qsuﬂÜuﬁ²­ÀÏÛ/±²­  )ssuﬁŁ*µﬀÁ¼u  u)  Ł*q  3­3Ł
quGs±~Sfu7	u)t _ ­­uG¹»­q?qsutuﬁ  Łf¸Ñq  Łqsus­~®suGZ~®¹»q­qSqsu _k Ł­u
  s    »¯  ²uﬁ  sVuTsf  ·	u))3±3Łu)sfq*µ°pTqu
α
Àj)ssuﬁŁf © usf3ft _ ­Łu¹»­q
qutu)  ­¯Ë 
α 6= 0 µ
Ð   uJ²u  ¸±  º	uÉyqsJ¹» ﬂ- Ò ﬁ#q  ¸¯Ë % ~ºuﬁÈ  su  °¯  t­­~ ﬂ    u)  P³~  uÉ¯sŁ  ±À
_­sŁ®¹»qsŁq®qsu%t%s±­² k   u%s  t  tZu)  Ä	u  u)  #¸equ
α
À  ­ut  ÀÏÛ/q  Łk·*u)
  ²    u¹  ­u)
R
(α)
ijkl = (1− α2)Rijkl
qVs3­²­s  ¾)u  
α
Àj)  ²    uGqsut±­² k   us  t  @tGVsu*¯´  ­
α 6= 0 µ
vTu  syu%¯ﬀqsu  sÀj)t _ ­­Ł­³~¹»­qÄqsu%tuﬁ  Ł  sÄqsu  Łss)u)
0







































































































































































Σ ∈ S+ ­ [







































































































































































































































qsuÉ y u)  Ł')VuﬁÍÉ­u
*uﬁ³¹u)uqu%)t  su¯ﬀqsu%² k   su%t    ­u)
Σ = (σij), i, j = 1, ...,m
¸eqsuyu)ﬁŁ  
  ²    u  
Σ
Ł3­²u*¸¯´ 
i 6= j ¸sZ~
Æfµ




Ł¯ E =  _  (Eii, Ejj)
Vµ
κ(E ,Σ) = − 12
Ł¯ E =  _  (Eii, Eij)
¹»q­q,Łssuu),u  uss»f
Σ
 sŁ3sÀ  fy­­²uµ
Á'u?  isu  ±²uSqsu  Ł)u)y  ¸¹»qsŁqiŁ,su)Âsu    qsuS)  )­i¯qsu  Łu)t  sÀ
Û/q  ­f·	uPu)sy  ¸  º¹»qsŁq¼  º	uqssq%¯  ﬂquÉksu)ﬁ¹»q­q¼tu  y  uqsuÉ  J¹3q
 u%¯ﬀqsu  ­ut  s  ?tuﬁ  Łfµw¶­  ~ttuﬁ  Łf¸
m ×m )J² k   Zu)sy  µÁ¼u  u  Ł@q  













































































































































































































































ν = gijRicciij =
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Σk, k = 1, ..., N
M  ﬁﬂ
ﬂ
H# CU  	% O   Bﬂ U 8ﬁ































































































 ut ©y½  ﬂYyu)u E ﬁ  s  u¯Ëu  u)su)Ñqsu  u)Ł¯´  t  u°su)  ŁŁ#[*Á¼um¹  »su  ­²u  _¹Êuﬁ²±²Łs  
Łs­  Zsu)y
Σˆ(0)
J¹ k qsu°tGu  ¯  yuﬁ¯u­utGuf¯
S+
µw³¯V¹u°susfumZ~
Σˆ(s), s ∈ [0,∞)
qu¯  t­­~7¯yfŁŁ,¯
∂sΣˆ(s) = V (Σˆ(s))
¹»qu  u
V
­3qsuﬂs  u))­¯u)²ŁŁfÑ¸¹uq  ²u
Σˆ(s) ∈ S+(m,R), ∀s > 0
⇔ Σˆ(0) ∈ S+(m,R)  s V (Σˆ(s)) ∈ TΣˆ(s)S+(m,R) = S(m,R), ∀s > 0
Á'u%qZﬂŁsu)Ł¯Ë~
V
¹»­q?qsuG s fy­uG¯mqu² k   su  ±²  ­²u¯/f  fu))±²uG¯ËsﬁŁ
µ(Σ1, ...,ΣN )
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Σ(t) ∈ S+(m,R), t ∈ [a, b]  
  ! ﬂ
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V = Σ(t)1/2XΣ(t)1/2, X ∈
M(m,R)
Ł3­²u7Z~












­  u  sŁ­~-¯´­ŁJ¹»Tq  
Σ(t+ dt) = Σ(t)1/2 exp (tX)Σ(t)1/2Σ(t)−1/2 exp (dtX)Σ(t)1/2
= Σ(t)Σ(t)−1/2 exp (dtX)Σ(t)1/2
w³¯
V




# #¸¹uﬂfs  Ł)[
X = −Σ(t)−1/2∇µΣ(t)−1/2
 s
Σ(t+ dt) = Σ(t)Σ(t)−1/2 exp (−dtΣ(t)−1/2∇µΣ(t)−1/2)Σ(t)1/2 ﬂ #
Łsu­¯Ë~­
Σ(t)
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l (I− dtΣ−1/2l ∇µΣ−1/2l )Σ1/2l
= Σl − dtΣlΣ−1l ∇µ











































































































 © ~u)u 
Σˆ
f¯  yu)f¯ _k tGu)  ­¾u)St%s­±² k   uGs  t  PsŁ  ±s­s)µÁ¼uy­t  ­~?t k½ u
yu,¯qsuuﬁÈ  Ł­±ÉuﬁÈ s uyy­ ¯qsu)J² k   Zu  ­²  ±²u ∇µ ­²uÃŁ ?ZµÅpTq­~Łu)ŁsGqsu
















¹»qfyu  yyZ  u _¹ ²u  u)3J¹ © ,qsuﬂ k ~)u)Zu  ¯´  ~7Łs­  Ñsuy
Σˆ0
µ
 D+   : 12
4-:EU46F  9 L7L2 4O7,:EFH/ﬃ.078132
4;7G:  Iﬀ2
4-:EF)46CE7GN .09/U
Á'u s   yu  su)¹  Ł  ±qst ¯Ë  qsuft  s  Ł¯sqsuŁ  ŁsyŁut    Ł  ² k   sut    ­È
¯  yu)/¯
N
¾)u  kÀjtu  bt%s­±² ©   us  t  esŁ  ±s­s)µPÁ¼u¯ËŁ­J¹  ?"ﬁe¹»qsu  u»qsŁ s fŁu)t
¹    s  u)yyuÅŁ qsuŁÂs­uÄsŁtu)syŁ    yuÄf¯  yuﬁb¯     k )ŁfyuÅ)  ²u))¸   ŁÆ£Qﬁ
¹»qu  u»quÜ@ © ­qstŁt ks ­sq  -	usyu)Ñµx  fu))±²u»¹»ŁŁ_*uu  ­²u  7­  ŁsyŁ
Vstu  Ł  /yqsu)tu7¯Ë  qubu­t  ŁfÊ¯Tqsu-)J² k   s)u-t    ±È
Λ
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Σˆ
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Úﬀ­  uÉÆ([ :u  ŁﬁŁff¯qsuﬂ²u­V±³~bÂ_u)Ł
βk
 3qsuﬂut    Ł  Ñtu  
Σˆ
usu  uu)Łu)tu)¯  Z~u)Vsu)yŁy_t  sŁ¯´fŁ
Hk
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u)  ŁSºs±·*sy­Susy Ð® wZ~?y  ¯  )uuﬁ²­s­ ﬂ-  ﬂ ﬁ
²u  ­­u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(θ2θ5 − θ3θ4) /∆2 g14 = (θ2θ6 − θ3θ5)2 /2∆2
g15 = − (θ2θ6 − θ3θ5) (θ2θ5 − θ3θ4) /∆2 g16 = − (θ2θ5 − θ3θ4)2 /2∆2
g22 =
(−θ26θ22 − 2θ23θ25 + 2θ6θ2θ3θ5 − θ1θ4θ26 + θ6θ1θ25 + θ6θ23θ4) /∆2
g23 =
(−θ22θ6θ5 + 2θ2θ6θ3θ4 − θ23θ5θ4 − θ5θ1θ4θ6 + θ1θ35) /∆2
g24 =
(−θ1θ6 + θ23) (θ2θ6 − θ3θ5) /∆2
g25 =
(−θ4θ3θ1θ6 + θ4θ33 − θ6θ22θ3 + 2θ6θ2θ1θ5 − θ25θ3θ1) /∆2





3 − 2θ4θ2θ3θ5 + 2θ22θ25 − θ1θ4θ25 − θ22θ6θ4 + θ6θ24θ1
)
/∆2









(−θ1θ4 + θ22) (θ2θ5 − θ3θ4) /∆2
g44 = −
(−θ1θ6 + θ23)2 /2∆2
g45 = −
(−θ1θ6 + θ23) (−θ1θ5 + θ3θ2) /∆2









(−θ1θ4 + θ22) (−θ1θ5 + θ3θ2) /∆2
g66 =
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